Introduction
The biomolecular folding problem is one of the classic problems of biophysics. Proteins and nucleic acids are synthesized as linear polymer chains. They must then spontaneously and rapidly fold into their threedimensional active forms. Misfolded molecules are inactive or even harmful, so the process must occur with high fidelity, even in the crowded, heterogeneous cellular environment. Understanding how this takes place is essential to designing molecules with new functions. Ideally, one would like to be able to predict both the final form of a molecule and the pathways it takes to reach that form given only the molecule's amino acid or nucleotide sequence.
The RNA folding problem
Ribonucleic acids (RNAs) are an attractive system in which to study the folding problem, and offer several distinct advantages relative to proteins. RNA plays many vital roles within the cell, including not only information transfer (messenger RNA) but also structural, regulatory (RNAi, riboswitches), and catalytic (ribozymes, ribosomes) functions, many of which were previously thought to be only performed by proteins. Folding is important for all of these functions. Despite this diversity of function, RNA is relatively simple compared to proteins. RNA is composed of only four monomer units with similar chemical properties. Even more importantly, RNA folding is hierarchical [1] . Watson-Crick pairing and base stacking interactions produce secondary strucure elements (A-form helices and single-stranded loops, bulges, and junctions [2]-see figure 1 ) which are substantially more stable than the tertiary structure resulting from these elements' interactions with one another. This is in stark contrast to proteins, for which secondary and tertiary interactions are similar in magnitude, making it extremely difficult to predict structure from sequence alone. Finally, many tertiary interactions are mediated by divalent cations, which allows for experimental control over the two levels of organization. In this article, we focus on calculational models for predicting thermodynamics and kinetics of secondary structure formation. Other researchers are investigating the corresponding problem for RNA tertiary folding [3] .
Understanding RNA secondary structure is aided considerably by the observation that thermodynamic parameters such as Gibbs free energies and melting temperatures can be predicted with remarkable accuracy by considering only nearest-neighbour stacking interactions and additive contributions from loops and bulges [4] . Together with a systematically compiled database of oligonucleotide melting data [5] , this allows calculation of likely secondary structures for any RNA sequence using programs such as MFOLD [6] . These thermodynamic data, though coarse-grained over atomic-scale features, may also form a basis for predicting folding pathways and kinetics. [7] . The folding and unfolding produced by these methods can also be difficult to characterize, as there is no obvious reaction coordinate or point of reference against which to track the molecules' behaviour. Mechanical force offers several advantages over thermal or chemical denaturation. The force axis creates a natural reaction coordinate along which molecules' evolution can be followed in real time. In most experimental set-ups, it is also possible to simultaneously vary other parameters such as ionic strength and temperature to see how they affect the (un)folding process triggered by force. This is often impossible for thermal and chemical denaturation (as, for example, divalent cations catalyse backbone phosphodiester cleavage at elevated temperatures). Force is also important in vivo; the densely packed cellular matrix opposes motion (including folding) through hydrodynamic drag and numerous enzymes have been found to exert force on their substrates, including RNA polymerase [8] and HIV reverse transcriptase [9] . Force also readily lends itself to single-molecule techniques which are capable of extracting information not accessible by traditional methods. By following an individual molecule's trajectory in real time, one can detect and characterize rare and short-lived intermediate states which, although undetectable in bulk experiments, may play key roles in the folding process.
In this paper, we present calculations with a model for force-induced unfolding of RNA. By combining the advantages of mechanical force unfolding with the power and simplicity of RNA thermodynamics, we show that a surprising amount of insight into the folding process can be gained from relatively simple models. As further experiments are published, these models can be tested and refined. Hopefully, the combination of theory and experiments with force (un)folding will enable substantial progress towards understanding the complex behaviour of RNA and other biomolecules.
Sequential-step model
In modelling the force-induced unfolding and refolding of RNA secondary structure, we make the common assumption that base pairs open and close only at the boundary between the double-stranded region and the single-stranded ends to which force is applied. This is a reasonable assumption at room temperature and for forces above a few pN, as the energy required to bring two nucleotides close enough to bond is large compared to k B T. This condition, which is not applicable to thermal or chemical denaturation, simplifies the problem dramatically. If bases are allowed to pair in any order, a sequence with N bases paired in the fully folded state has $ 2 N possible states, versus only N states for the sequential model. A related assumption is that no significant misfolding occurs upon closure of loops and bulges. This assumption is harder to justify but can be tested experimentally. A A A A A G G G G G G G G G G G G G G G G G G G G G G G G G 
where g i is the intrinsic free energy of breaking the base pair (i.e. the free energy change at zero force) and g s is the free energy associated with stretching the newly single-stranded sections of the molecule. We choose to work in the force ensemble (rather than extension) as this more readily facilitates comparison between molecules. The intrinsic free energy is sequence dependent but the stretching term depends only on the number of bases released at each step (two for a helix section, three or more for a bulge or loop). The intrinsic free energies are assumed not to vary with force; this is a reasonable approximation, as both hydrogen bonds and inter-base stacking interactions are known to be short ranged. The intrinsic free energies can be obtained from many sources, including microscopic theory [10] or experiment [11] . For a general sequence, however, the nearest-neighbour thermodynamic rules are a good choice, particularly as they are the basis for the MFOLD program [12] which is often used to calculate secondary structure. The stretching free energies are obtained using a suitable polymer model. Cocco et al., whose kinetic model we explore, here, use a freelyjointed-chain-like (FJCL) model. The worm-like-chain model has been shown to reproduce nucleic acid polymer behaviour over a larger range of forces [13] , but has the disadvantage that it must be numerically integrated to obtain g s at each force. The two models agree within a few percent from 5-30 pN; we use the FJCL model here for simplicity.
With the incremental free energies from equation (1), it is a straightforward matter to calculate the energy of each state (relative to the fully folded state) and the partition function for the system:
With the partition function, any desired statistical mechanical quantity can be computed. In particular, we can calculate the free energy landscape for the molecule and the state probability distribution function (pdf) at any force, as shown in figure 2 . The state pdf can be converted to an end-to-end distance distribution using one of the polymer models described above. This enables the calculation of observable equilibrium quantities such as the mean extension hxi and its variance 2 . The utility of these observables in interpreting experimental data will be discussed in section 3.3.
Kinetic behaviour
The kinetic model we examine in this paper was first proposed by Cocco et al. in 2001 for DNA unzipping [14] and later extended to RNA [15] . It has been shown to accurately reproduce the behaviour of a simple hairpin (P5ab) from the T. 
Determining an a priori value for the common prefactor A is difficult [16] . As a first approximation, one can set it equal to the inverse self-diffusion time for a nanometre-sized object in water (% 5 Â 10 6 s À1 ) [15] . This has been shown to at least provide the correct order of magnitude for the time scale of the problem. Practically speaking, A might be treated as a free parameter for fitting experimental data at a given ionic strength, pH and temperature. It should not, however, vary from molecule to molecule, which will provide a good test of this model as more experimental data are collected.
Notice that the opening rate has no force dependence. This is reasonable for the brittle interactions described above. The closing rate, on the other hand, depends on the applied force through g s ðFÞ. Comparison with equation (1) shows that detailed balance is satisfied, ensuring that the kinetic model is consistent with the thermodynamic relations of section 2.1.
Using the elementary rates from equation (3), we can construct the master equation for the molecule as a whole. Defining n (t) as the probability for the molecule to be in state n at time t, we have all the dynamic information about the molecule, including kinetic information such as folding and unfolding rates and also the equilibrium properties. In the following two sections, we apply this model to a typical biological hairpin and to a hypothetical hairpin of two linked homopolymers which, although unlikely to occur naturally, serve as limiting cases and display interesting behaviour in their own right.
A typical hairpin
To illustrate the utility of this approach for calculating the properties of biologically important RNA molecules, we first apply it to a RNA hairpin chosen arbitrarily from the mRNA which encodes the S3 ribosomal protein of the E. coli bacterium. We used the MFOLD program to calculate a probable secondary structure for the mRNA sequence, then selected a 29 nucleotide sequence (nt 186-214 counting from the AUG start codon) which is predicted to form a hairpin with an 8 nt loop and a 3 nt bulge located approximately halfway along the helical stem, as shown in figure 1 . There is nothing unusual about this hairpin in terms of structure or nucleotide content (62% base pairing, 56% base pairs G-C), nor is it thought to have any particular biological function; it rather serves as an example of the method's general applicability.
Equilibrium properties
Using the nearest-neighbour energy rules and equation (2), we can calculate the free energy landscape and state probabilities as functions of applied force (figure 2). Even a simple hairpin such as this shows interesting features. The Watson-Crick base pairs require energy input to break; they provide a substantial energetic barrier at zero force (ÁG ¼ 7:5 kcal mol À1 ¼ 12:2 k B T at 378C) which prevents spontaneous unfolding. As force increases, the energy landscape tilts under the influence of g s , until, at a force of 8.23 pN, the fully open and fully closed states have equal probabilities; this is referred to as the critical force or F 1=2 . At still higher forces, the molecule exists predominantly in its unfolded form. Although the destabilizing effects of the bulge are apparent as a dip in the free energy landscape at n ¼ 6, there is no force at which the state with the bulge open, but not the terminal loop, has a significant probability of occupation. The thermodynamic model predicts this molecule should have only two significantly populated equilibrium states, folded and unfolded. [17] . Each eigenvalue represents the rate (forward þ backward) of a transition with first-order kinetics; the corresponding eigenvector shows the flow of probability for that transition. Denoting the population (or occupation probability) of each state by the vector PðtÞ and the (column) matrix of eigenvectors by E, the overall kinetics of the molecule can be written as
with ! m and m the mth eigenvector and eigenvalue and the weighting coefficients C m determined by the initial conditions: Transitions between substantially different states, such as closing of a loop or bulge, are slower, often by orders of magnitude. For molecules with simple behaviour (two or few-state switching), it is easy to calculate experimentally observable rates and to gain insight into a molecule's folding and unfolding pathways. This method has also been applied to folding after thermal denaturation [18] , but the rapid scaling of the number of states with molecule length for that type of experiment can be a problem. The eigenvalue spectrum for the S3 hairpin is shown in figure 4(a) . There is also another eigenvalue, zero, corresponding to the equilibrium state. Its eigenvector is identical to the probability distribution computed using the thermodynamic model of section 3. There is a marked separation between the lowest two non-zero eigenvalues and the others at all forces. The eigenmodes with fast eigenvalues reflect fast interconversion of states within the n ¼ f1, 2, 3g and n ¼ f6, 7, 8g manifolds. The smallest eigenvalue and its eigenvector represent the rate-limiting step for the folding of the hairpin. As figure 4(b) (top plot) shows, this involves a transition between the unfolded and fully folded states without long-lived intermediates, consistent with the two-state behaviour predicted by equilibrium thermodynamics. A second Figure 3 . Time scales of RNA folding. Main figure shows the evolution of state occupation probability for the S3 hairpin from the fully folded state to equilibrium at the critical force. Insets: kinetic trapping. Molecules in the n ¼ 6 state escape (upper inset; initial condition Pðn ¼ 6Þ set to 1) with a characteristic time which is short compared to folding but long compared to equilibration of neighbouring states (lower inset, same initial condition as main plot).
Modelling RNA folding under tension 1347 distinguishable transition is predicted by the other distinct eigenvalue. Its eigenvector (figure 4(b), bottom) connects the bulge-opened n ¼ 6 state to the folded and unfolded states. This reflects kinetic trapping by the dip in the free energy landscape caused by the bulge; molecules in this state reside there for a time before escaping to either the completely folded or unfolded state. The lifetime of this state (0.84 ms at the critical force, figure 3 upper inset) is given by the corresponding eigenvalue. If the bulge is deleted from the sequence, this slow transition disappears. These results show that even a simple kinetic model is capable of providing insight into the mechanisms of RNA secondary structure folding. We can also predict single-molecule observables such as opening and closing rates using this model. For eigenmodes connecting only two states, such as the folding pathway of the S3 hairpin, the eigenvalue l is equal to the sum of the forward and reverse rates k ij þ k ji for the transition ðn ¼ iÞ Ð ðn ¼ jÞ represented by the corresponding eigenvector. Further, detailed balance requires that k ij Á P i ¼ k ji Á P j , where P i and P j are the (equilibrium) probabilities for states i and j. The forward and reverse rates can then be calculated as follows:
For molecules with well-separated eigenvalues such as the S3 hairpin, these rates can be assigned to observable transitions. Figure 5 shows the predicted rates as functions of force for opening and closing of the hairpin.
The two rates are equal at the critical force, again reflecting detailed balance. To the extent that a molecule behaves in a two-state manner, the slopes of the rates, dðln kÞ=dF, give the locations of the effective transition states. The critical force and these slopes are independent of the rate prefactor A. As noted earlier, Cocco et al. were able to reproduce both the magnitude and force dependence of the opening and closing rates for the P5ab hairpin reported by Liphardt et al. [19] with reasonable accuracy using this method. As more experimental data are published, we will be able to test the accuracy of the model more rigorously. A second approach to understand the kinetics of a molecule is to numerically integrate the master kinetic equation (equation (5)) and perform a Monte Carlo type simulation of the molecule's dynamic behaviour. This is much slower than the analytic method described above, but it accesses the entire spectrum of states and transitions instead of focusing on the slowest eigenvalues. Such a simulation also generates singlemolecule trajectories which can be compared to experimental data. Finally, this approach readily allows incorporation of experimental conditions such as force ramping [19, 20] and fluctuations due to the apparatus [21] . Section 4.2 illustrates the utility of this method for both S3 and an interesting artificial hairpin.
Experimental observables
The thermodynamic and kinetic models described above contain a great deal of information about the state of RNA molecules under mechanical tension, but the variable they track (the last closed base pair) can be difficult to directly observe. In order to compare calculations to experimental data, we must convert the state information into a measurable quantity. As much of the recent work on unfolding single molecules has been done with optical or magnetic tweezers, end-to-end extension is a natural choice. As discussed in section 2.1, several polymer models describe the behaviour of nucleic acids when stretched by mechanical tension. Strictly speaking, these models are valid only in the limit of long polymers, but the flexibility of single-stranded nucleic acids (persistence length of ssRNA % 1 nm) allows reasonable confidence in their accuracy for even a few nucleotides. Still, better modelling of oligonucleotide extension versus force would be helpful for more accurate comparisons.
Using the equilibrium thermodynamic model of section 2.1, we calculate two common experimental time-averaged observables, the mean extension and its variance, as functions of force applied to the S3 mRNA hairpin ( figure 6 ). The FJCL model was used to calculate the end-to-end extension of the molecule's possible states.
The mean extension curve has a sigmoidal shape characteristic of two-state systems with no other inflection points to signal the presence of an intermediate state. Below about 7 pN, the extension stays constant at zero; the molecule is fully folded at these forces. Above 10 pN, the molecule's slow increase in extension is due solely to the entropic stretching of the unfolded RNA chain, as shown in the figure. The transition region is roughly symmetric around the critical force with a slope of about 7.0 nm pN À1 . Either this slope or the width of the transition region (in hxi or 2 ; section 4.1) can be used as a measure of the cooperativity of the (un)folding transition.
The variance in extension at different forces is another experimental observable that can be calculated using the thermodynamic model. In the case of the S3 hairpin, the folding transition is distinct and large enough (12 nm) to be observed directly by most experimental techniques, but for other molecules, particularly sequences with intermediates of similar extension, this may not be possible. In these cases, the increased fluctuation amplitude when multiple states are thermodynamically accessible may be a valuable experimental signature, particularly for experiments with significant low-frequency noise or drift. Of course, these fluctuations will only be observed if the energy barrier between the states is small enough that interconversion occurs on the experimental timescale. For this molecule, we see one peak in the variance whose position (8.27 pN) is in excellent agreement with the critical force calculated earlier. The amplitude of the peak (28.4 nm 2 ) is consistent with the molecule's extension fluctuating between zero and its full length. The full width at half max (FWHM) of the peak is 1.41 pN.
Alternate observable: fluorescence transfer
Another popular experimental technique for observing single molecule behaviour exploits resonant energy transfer from a donor to an acceptor fluorophore (FRET). The efficiency of energy transfer, , depends Modelling RNA folding under tension 1349 strongly on the distance between the two fluorophores and is expressed by the well-known Fo¨rster formula:
For typical dye pairs, R 0 is between 1 and 5 nm. This limits the range of distances which FRET can examine, but it also offers great specificity. To date, most FRET studies of RNA folding have focused on tertiary interactions [22] , but the technique could also provide unique information about folding of secondary structures. FRET could determine how often, and potentially in what order, specific base pairs are formed. This would be particularly valuable for studying kinetically important processes like loop and bulge closure that may involve misfolded structures and conformational searching. The thermodynamic and kinetic models presented in this paper can predict FRET signals as well, since they specify the base pairing state of each nucleotide at arbitrary times and forces.
Poly(G E C) and Poly(A E U): an atypical hairpin
The S3 mRNA hairpin examined in section 3 is an example of a 'typical' biological RNA secondary structure.
In this section, we examine the behaviour of an artificial hairpin which contains segments approximating the ideal homopolymers poly(A Á U) and poly(G Á C). They display marked differences in folding characteristics and serve as limiting cases for hairpin behaviour.
Cooperativity and transition behaviour
As shown in figure 1 , the hairpin contains sequential segments of thirty A Á U and thirty G Á C base pairs, closed by a AAAU tetraloop. The weaker A Á U base pairs (ÁGðT ¼ 378C, zero force) ¼ 0:90 kcal mol À1 ) are at the open end of the hairpin, followed by the much stronger (ÁG ¼ 3:30 kcal mol À1 ) G Á C base pairs. Figure 7 shows the calculated mean extension and variance for the molecule as a function of force. There is a clear intermediate state at forces between 15-27 pN, in which the A Á U base pairs are broken but the G Á C section remains folded.
As discussed in section 3.3, we can determine the cooperativity of a folding transition by examining its behaviour versus force. The results of these calculations are shown in table 1. Of the two homopolymer sections, the G Á C transition is much sharper than that of the A Á U. If the three base bulge is removed from the S3 mRNA, its folding transition is predicted to be intermediate to these cases, as one might expect, since 
Diffusion and fluctuations near the transition
In addition to being much less cooperative than the poly-GC transition, the poly-AU sequence exhibits interesting kinetic behaviour near the critical force. The FJCL model predicts that, at a force of 11.55 pN, g s is equal to g i for an 2(A Á U) stack; there is no energy cost to break or form a base pair. The G Á C base pairs which follow are still very stable at this force and effectively form a rigid barrier against further unfolding. The combination of these two effects should, according to Cocco et al.'s model, result in random motion of the unfolding fork within the AU region analogous to bounded one-dimensional diffusion. We can follow that motion by means of a Monte Carlo simulation as described in section 3.2. Figure 8(b) shows the location of the unfolding fork as a function of time. The time evolution of the unfolding fork is clearly different from the two-state switching of the S3 hairpin ( figure 8(a) ). From equation (3), D, the diffusion constant for the motion, should be A=2 % 2:5 Â 10 6 bp 2 s À1 , so individual steps will be very difficult to resolve experimentally. The increase in variance of the extension over time, however, may be measurable. An exact solution of the bounded one-dimensional diffusion problem (see, for example, [23] ) predicts that the variance should approach a steady-state value of L 2 =12 ¼ 75 bp 2 with a characteristic time of L 2 =D % 0:36 ms for L, the number of base pairs in the flat energy region, equal to 30. Our simulation reproduces that behaviour, with a similar characteristic time and final variance for a 10 s Monte Carlo simulation of 75.5 bp 2 .
If diffusion-like behaviour could be observed experimentally, it would help validate Cocco et al.'s model and provide a measurement of the prefactor A independent of the models used for g i and g s . Figure 8 also illustrates the unique information afforded by single molecule studies. In these simulations and experimentally [19] , it is possible to follow the folding process in real time. This enables direct observation of intermediate states such as the bulgeopened n ¼ 6 state in S3 which would be extremely difficult to detect and characterize in, for example, a bulk melting experiment. By tracking molecular trajectories in real time, we can go beyond ensemble averages and start to learn how folding actually happens.
Conclusions
Understanding how biological polymers such as nucleic acids and proteins fold into their three-dimensional active states is a key problem in modern biophysics. Recent years have seen tremendous progress made on both experimental and theoretical fronts. New experimental techniques allow researchers to follow folding of single molecules with improved distance (nm-scale) and time (ms) resolution. Constructing comprehensive theories with monomeric resolution has continued to prove difficult, however, due both to the numerical complexity of the problem and the difficulty of finding a proper reaction coordinate against which to describe the folding process.
For RNA molecules unfolded by mechanical force, both of these issues may be resolved. The application of force creates a ready-made reaction coordinate, and an extensive database of thermodynamic data allows accurate computation of secondary structure free energies based on nearest-neighbour and additive loop and bulge interactions. The hierarchical nature of RNA folding means that larger-scale tertiary interactions can Modelling RNA folding under tension 1351 then be added as a perturbation, allowing computation of even complex RNA folds on a reasonable time scale. In this paper, we have tried to demonstrate the power that this affords by calculating thermodynamic and kinetic folding properties for both a typical mRNA sequence and for a hypothetical sequence of homopolymers which illustrates extreme behaviour. Using simple models, we can calculate free energies of folding, the presence or absence of long-lived intermediate states, and rates of both folding and unfolding for any RNA whose secondary structure can be specified. This provides a powerful tool for understanding experimental results and predicting new directions for exploration. As more experimental results come in, these simple models can be tested and refined. This is a very exciting time for the field of RNA folding.
